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Abstract 

We study a Langevin equation for a particle moving in a periodic potential in the presence of 
viscosity 7 and subject to a further external field a. For a suitable choice of the parameters a 
and 7 the related deterministic dynamics yields heteroclinic orbits. In such a regime, in absence 
of stochastic noise both confined and unbounded orbits coexist. We prove that, with the inclusion 
of an arbitrarly small noise only the confined orbits survive in a sub-exponential time scale. 

1 Motivations 

In many physical contexts e.g. the switching of magnetic domain walls (Barkhausen noise) or the 
motion of twin boundaries in crystals one observes an intermittent dynamics of energy relaxation 
with "relaxation events" of random amplitude. This type of dynamics is commonly called Avalanche 
Dynamics (see e.g. [S]). 

Our motivation is to give a possible explanation for this kind of mechanism. We need three ingredients: 
a rough interaction potential with many local energy barriers, and a small tilt; an "almost Hamilto- 
nian" dynamics that approximately conserves the total energy, helping the system to overcome the 
next energy barrier once it passes the first one; finally a weak coupling to a heat bath, modelled in 
our case by a small Langevin noise. 

As a proof of principle we investigate in this paper the simplest such system in a two dimensional 
phase space. We show in a suitable singular limit that the number of consecutive crossed energy 
barriers is indeed random. The intermittency structure, i.e. the large deviation theory for the model 
system is not dealt with in this article and will be the subject of a future work. 

2 Introduction 

We consider a one-dimensional Brownian particle moving in a periodic oscillating potential Vq{x) (e. 
g. Vo(a;) = coscc) in the presence of viscosity 7 and subject to an additional constant external force 
a. The dynamics for the coordinate x(t) £ K of the particle is governed by the Langevin equation: 



1 + 71 + Vq(x) = a + ew(t) 



(2.1) 



where w(t) is the white noise, and e a small parameter. 

We denote by V(x) the total potential taking into account also the linear term due to the external 



force, V[x) = Vq{x) — ax. The equation of the motion (2.1) then becomes 

x + jx + V'(x) = ew(t) (2.2) 

and the related first order system is 

X= P (2.3) 
p = — jp — V'(x) + ew. 

According to the values of the parameters and the initial conditions, the particle may escape in the 
direction of the force a or be trapped for a long time in one of the wells of the potential. Without any 
noise (e = 0), when a is large enough there are only "running solutions", i.e. unbounded solutions. 
When the force a is small enough and the friction parameter 7 is large enough, the particles finally 
reach one of the minima of the potential. In this case there are only "locked solutions" . For a and 
7 small enough, both types of solution coexist. With the addition of the noise there are certainly 
transitions between the locked and the running states in the exponential time scale. We wonder 
whether in certain critical regimes (in particular the critical regime where deterministic heteroclinic 
orbits exist) such transitions enabled by small stochastic fluctuations take place in a faster time scale. 



Deterministic orbits 



Consider the deterministic system related to (2.3|, i.e. the e = case 



X = P 

P = -7P -V'(X) 



(2.4) 



and sketch the phase diagram. In each period of the original potential Vq{x) there are confined and 
escaping orbits. The picture changes according to a and 7. 





Figure 1: Phase diagram for a — 7 
The orbits are periodic. 



0. 



Figure 2: Phase diagram for a > 1. 
There are only running orbits. 



In absence of viscosity and external force (i.e. for 7 = a = 0), the orbits are periodic (see Figure [lj. 
For positive 7 and a the dynamics loses its periodicity. The inclusion of the friction makes the system 
dissipative, the particles lose energy, and the confined orbits are attracted by the local minima of the 
potential, whereas the running solutions have an asymptotic effective velocity. 

Figures |2j [3] and [1] provide three possible phase diagrams. For a > 1 the total potential V(x) docs 
not have local minima and then there are only running solutions (see Figure [2| . 

When a < 1, there are also bounded solutions. For any 7 > 0, there exists a critical value 07 > 
such that, for < a < a 7 , there are only confined orbits (see Figure [3j). For 07 < a < 1 running and 
bounded orbits coexist (see Figure [4]). 
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Figure 3: Phase diagram for 7 > and 
< a < <Xy. There are only confined 
orbits. 



Figure 4: Phase diagram for 7 > and 
dUf < a < 1. There are both running and 
and confined orbits. 



The situation is well resumed in Figure [5] that shows the dependence on 7 of the critical value a 7 . As 
we will see below, a 7 is of the order of 7 as 7 — > 0. 

For any a < 1 there exist critical orbits, i.e. orbits asymptotically converging to some saddle equilibria 
(corresponding to some local maxima of the potential) in the phase plane. The critical scaling a = ct 7 
is the one that gives rise to heteroclinic orbits, i.e. orbits connecting two consecutive local maxima of 
the potential. 

Each orbit can be piecewise expressed by a function in the phase plane that we will usually denote by 



p(x). We say that p(x) is an orbit of our dynamics if there exists a solution (X(t), P(t)) of (2.4) and 



a suitable time interval / C (0, +00) such that p(X(t)) = P(t) for any tel. p(x) must verify the 

dp , , V'{x) 

-r-W = -7 ry (2.5) 

ax P{x) 




Figure 5: The picture shows the three 
different regimes in the plane (7, a). 



Figure 6: When a = a 7 the heteroclinic 
orbit pl(x) (red line) separates the es- 
caping and the confined solutions. 



The problem 

In the present paper we are interested in the critical regime (a — a 7 ) dynamics in the small noise 
limit (e — > 0). Thus from now on we fix 7 small enough and a — a 7 . We denote by p* k {x) the fc-th 
heteroclinic orbit, i.e. the orbit connecting the k — 1-th maximum of the potential with the fc-th one: 

lim p* k (x)= lim p* k (x)=0 (2.6) 

x->2(fe-l)7r+ x^tlkit- 
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see Figure [6} 

In this paper we are not concerned with large deviations. We investigate the problem in a sub- 
exponential time scale. Far from the critical orbits we expect that the noise does not macroscopically 
affect the deterministic dynamics in such a fast time scale. On the other hand, there may be a 
macroscopic perturbation of the deterministic dynamics in a neighbourhood of the heteroclinic orbits. 
Then we choose the initial value to lay on one of the heteroclinic orbits, i.e. we denote by (x{t),p{t)) 
the solution of the problem 

( X=p X(0) = -TT , 2 7 

\ p = -"tp-V'{x) + ew p(0) = Po(-Tt), 
and study the probability law of (x(t) , p(t)) in the limit as e — > 0. 

We show that, at each time, the probability for the particle, to get across the next well is 1/2, in 
the limit as e — ¥ 0. We prove, thus, that for fixed 7 small enough, the random variable associated to 
the number of wells passed by (x(t),p(t)) has, for vanishing e, a geometric distribution of parameter 
1/2. This implies, in particular, that the particle will finally be trapped in one of the wells for a long 
time, with probability 1 as e — > 0. The involved time scale, or more precisely, the velocity the particle 
travels before to be trapped in one of the wells is of order hie. With the inclusion of the noise, thus, 
the bistability between the locked and the running states is lost and only the locked state survives in 
this "fast time scale" . 

Notation 

Before turning to the precise statement, we introduce some notations. We shall use 
. f(6) = o(g(S)) as 6^ if lim s _>o f(S)/g(S) = 0; 

• f(&) — ®(i9(fi)) as 5 —> if there exists c > such that \f(S)\ < c\g(S)\ for any sufficiently small 

6; ' 

• f($) = ©G?^)) as <5 —> if there exist ci,C2 > such that ci|<?(<5)| < \f(6)\ < C2\g{5)\ for any 
sufficiently small S; 

• X ~ /i if the stochastic variable has probability law //. 



Basic parameters 

Although our results do not depend on the exact form of the potential, for the sake of simplicity we 
choose 

V(x) — cos(x — x a ) — a(x — x a ), x a = arcsina 

in such a way that V(x) attains its local maxima at x — 2kn and its local minima at x — (2k—l)7T+2x a . 
Let us investigate how a 7 is related to 7. All the orbits p^ix) must verify the equation (2.5), then 

l-^(pUx)) 2 = -V'(x)- 1 pl(x). (2.8) 



By integrating (2.8) in (2(fc — l)ir, 2fc7r), and using the asympthotic conditions (2.6) we get 



7 



p* k (x) dx = 9(1) 



as 



7-^0 



2(fc-l)7T 



thus 07 = 9(7) in the limit as 7 — > 0. 
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We compute the asymptotic values of dp* k {x)/dx for x — > 2kn ± . Let 

/3 = /3 y := -V"{2kn) = ^Jl - > k e Z, 



then, from (2.5 1 we obtain that the asympthotic slopes of the heteroclinic orbits: 

d 



K :=-£lP* k (2(k-l)^ 



and 



(2.9) 



(2.10) 



must satisfy the equation 
then 



A 2 + 7 A - p = 0, 



A 7 



- 7 ±v/7 2 + 4/3, 



notice that lim 7 _j.o = 1 and lim T _>o A 7 = ±1. Wc define, moreover, the parameter 



|A_| 



- 1 = 



27 

V7 2 +4/3-7 



(2.11) 



(2.12) 



/ 7 =1. 



then # 7 = 6(7) as 7 — >• with lim 7 _»o # 7 
Critical region dynamics 

In a neighborhood of the criticalities, i.e. when x(t) approaches 2fc7r, V'(x(t)) is well approximated by 
—f3(x(t) — 2kir), since V'(2kir) = 0. Hence the dynamics can be approximated by the linear system 



x = p 

p = —"/p + j3(x — 2/c7r) + ew 



A convenient choice of variables is given by 



Zk(t) ■= p{t) - A_ (x{t) - 2kn) 
v k {t) :=p(t)-\ + {x{t)-2kir) 



with A ± as defined in (2.11). Since in these variables the linearized system (2.13) becomes 

i = X + z + ew 
v = X_v + ew 

where the equations are coupled only per the stochastic term. 



(2.13) 



(2.14) 



(2.15) 



Since p* k (2kir) — 0, by (2.10), for \x(t) — 2kn\ small enough we have 
z k (t) = P(t) - P* k (x(t)) + 0{{x{t) - 2fc^) 2 ) for 

and 



«fc(t) = P(t) - Pfc+i(as(t)) + 0((x(t) - 2kn) 2 ) 



for 



x(t) < 2kn 



x(t) > 2kir. 



(2.16) 



(2.17) 



The variable |zfc(t)| can, thus, be thought of as a measure of the distance, in the phase plane, from 
the fc-th heteroclinic orbit p* k {) just before the fc-th criticality. Equivalently |i>fc(t)| is a measure of 
the distance from the k + 1-th heteroclinic orbit p k+1 (-) just after the fc-th criticality. 
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Stopping times 



Far from criticalities the dynamics is stable and we expect the distribution of our process to be quite 



concentred in a neighborhood of some deterministic paths (see the deterministic system (2.4 1) 



One of the main technicalities we run into in the proof of our result is the choice of the length of the 



critical interval. It is clear that the linear system (2.131 is a good approximation of our dynamics as 



long as x(t) is close enough to the fc-th criticality 2kn. This provides an upper bound on the critical 
interval length. On the other hand, we need a good localization of the process at the beginning of the 
critical interval. We want the process to be still quite concetrated and not to diffuse too much. This 
clearly requires a lower bound on the length of the critical interval. 

We denote by r\ t the order of magnitude of the length of the critical interval. Then, in order to make 
valid our approximations we need to impose the following condition on n e : 

\2 



Ve 



with 



(i + gr 

3 + 26» 



< v < 



1 



(2.18) 



and 6 as in (2.12|. 



We define two sequences of stopping times. We call Sk the first time the process gets into the fc-th 
critical interval and by T k+ i the first exit time from the fc-th critical interval. The rigorous definition 
is given as follows 

S k :=inf{t>0: v k {t) < Ve }, fc>0 
T fe := inf{i > S k -i : |**_i(t)| > Ve}, k > 1 



(2.19) 



We will see that, under the condition (2.18), both |2fc(£fc)| and |wfc(Tfc+i)| are o(r] e ) with large proba- 
bility, then 

2fc7r - x(S k ) = e( Ve ) and \x(T k+1 ) - 2kn\ = Qfa) 
with large probability, since v k (S k ) = |zfe(T fe+ i)| = r) e and x(-) - 2kn = [z k (-) - v k (-)]/(X + - A_). 

At time S k the fundamental variable is z k (S k ), since, as we showed before, ^(S^)! measures the 
distance from the fc-th deterministic heteroclinic path before the criticality. 

At time T k+ \ the fundamental variable is v k (T k ) since |ufe(Tfc+i)| is a measure of the distance from 
the k + 1-th heteroclinic path, or, if the well has not been crossed, a measure of the distance from a 
suitable locked deterministic path. 

sign(zfc(Tfc_|_i)) establishes whether the solution has crossed the fc-th criticality or not. If z k (T k+ i) > 
the fc-th criticality has been passed by, if z k (T k+ i) < the solution has been trapped in the fc — 1-th 
well. 



The Result 

We investigate the probability law of the number of wells crossed by (x(t),p(t)), thus we define the 
random variable 

N := inf{fc > : z k {T k+1 ) < 0} G N U {0} 

We look at the process stopped at time Tv+i, (x(t A Tv+i),p(i A Tv+i)). All the processes labeled 
by fc defined in the previous Sections (e.g. (z k (t) , v k (t))) are well defined for fc < Af. S k is defined for 
fc < Af and T k for k < Af + 1. 

We denote by P the probability law of (x(t A ?V +1 ),p(t A 7V+i)), the main result is given by the 
following Theorem. 

Theorem 2.1. There exists c > such that 

-. \ fe+i / , \ fc+i 

--ce 9 j <P{AA=fc}< [z+ce 8 ) (2.20) 
for any fc G N U {0} and e small enough. 
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Corollary 2.2. From Theorem \2. l\ it follows that the r.v. TV+1 has, in the limit as e — > 0, a geometric 
distribution of parameter 1/2, i.e. 

lim P {TV = k} = (2.21) 



T/iis implies, in particular, that the process crosses a finite number of wells: 

lim P {TV < oo} = 1 

£-+0 



(2.22) 



TV is the number of wells crossed by the process, in the sense that the first well our process is trapped 
is the TV-th one, i.e. the one where the potential has a local minimum at (2TV — l)ir + 2x a . 



Proposition 2.3. There exists c > such that 



X+Ve 



lim P j x{T M+1 ) < 2TVvr - - ''I — (1 - o(l)), p(2V +1 )<- ^\ ) (1 ~ o(l)) }> = 1. (2.23) 



Once (:r(t),p(i)) is trapped in the TV-well in the sense of Proposition 2.3 we expect that it remains 



confined in it for a long time. It is quite reasonable to think that, due to the stochastic fluctuations, 
the process will leave the well in a exponential time scale (order of e e ) . This is not a problem we are 
concerned with, since, at this level, we are looking at a faster time scale, indeed, as we will see, the 
time required to get across a criticality is of order ln(e _1 ). We say, thus, that the process is "confined 
in the TV-th well" in the sense that x(t) g (2 (TV — l)ir, 2TV7r), after 2jv+i) f° r a time that is very long 
if compared with Tjs/ + i itself. For this reason it is quite reasonable to stop the process at time ?V+i- 



3 Definitions 

Dynamics near the criticalities 



For Sk as in (2.191, the process (zfe(£), Wfe(t)) defined in (2.14) satisfies the problem 



with 



z ■= X + z + ip k (x(t)) + ew z k (S k ) = p{Sk) - A_ (x(S k ) - 2fc7r) 
V := X_v + ip k (x(t)) + ew v k (S k ) = rj e 



?Pk{x) = -V'(x) - (3(x -2kn) = 0{{x -2kTr) 2 ) as x -> 2kn 



We denote by (zk(t),Vk(t)) the solution of the related linear problem (2.15) starting from the same 
point: {zk{Sk),Ve}- Thus, for t > S kl 



and 



We define the errors 



z k (t) = z fc (S fc )e A+(t_St) +" A +* / e- X + s dw s 



Vk(t) = rj e e x - *■* Sk ^ + e e A - * / e x - s dw s 



V fc (t) :=v k (t)-v k (t) 



and 



Z k {t) := z k {t) - z k (t) 



thus 



Vk(t) = e x - 1 I e x - s ip k {x{s))ds and Z k (t) — e x + t / 



(3.1) 



(3.2) 



(3.3) 



e- x + s Mx{s))ds (3.4) 
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Dynamics far from criticalities 



Suppose that Tk < oo and that the solution has crossed the k — 1-th criticality, then we denote by 
(X k (t), P k (t)),t > Tk the deterministic path starting in T k from (x(T k ),p(T k )), i.e. the solution of the 
problem 

X = P Xk(T k )=x{T k ) 
P = - 7 P - V'{X) Pk(T k ) = p(T k ) 



(3.5) 



then we expect that, as long as x(t) is far enough from the criticalities, the dynamics is concentrated 
in a neighborhood of (Xk(t), Pk(t)). We denote by 



y k (t) := x(t) - X k (t) 
thus (yk(t) , qk(t)) is solution of 

y = q 



and 



q k (t) := p(t) - P k (t) 



y k (T k ) = 



q = - lq -V"(X t )y + <p(X k (t),y) + ew q k (T k ) = 



with 



<p(X, y) := V"(X)y [V(X + y) - V(X)] = 0(y 2 ), 



as \y\ -> 



(3.6) 



(3.7) 



Assuming, for the moment, that it is possible, wc define p k {x) as the curve on the phase plane 
associated to (X k (t), P k (t)),t <E [T k ,S k ], i.e. the function such that p k (X k (t)) = P k (t) for any t 6 
[T kl Sfc]. We know from (2.5) that p k {x) verifies the equation 



p"(x)p(x) = -{p\x)f - 1P '(x) - V"(x), 



that is obtained by deriving (2.5). Let us define the function 

d 



U) k (t) 



dx 



Pk(X k (t)) 



then, by using (3.8), we deduce that uj k {t) verifies the equation 

d J = -u J 2 - 1 u J -V"(X k (t)). 

It turns out to be particularly convenient to pass to the variables {y k {t),r k {t)), with 

r k (t) := q k (t) ~ uj k (t)y k (t) t>T k . 

thus (y k (t),r k (t)) is solution of the problem 

y = r + oj k (t)y y k (T k ) = 

r = -(7 + u k (t))r + <p{X k (t),y k (t)) + ew r k (T k ) = 



(3.8) 



(3.9) 



(3.10) 



(3.11) 



(3.12) 



with ip(X,y) as above. We denote by (y k (t),r k (t)) the solution of the associated linear problem: 



y = r + uj k (t)y y k (T k )=Q 
r = -(j + u k (t))r + ew f k (T k ) = 0, 



(3.13) 



The convenience of this change of variables lies in the fact that the second equation in (3.13) can be 
solved autonomously, and then f k {t) can be made explicit as a function of u> k (t). We have 



f k (t) 



(3.14) 
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Through (3.14) an explicit formula can be found also for yk{t) as a function of L) k (t), 



s: (2u k (s") +1 )ds" ds ,\ dw 



1l k {t) :=r k {t)-f k {i) 



Finally we define the errors 

y k {t) := y k (t) - y k (t) and 
then 

y k (t) = £ J>^ ds " ^j\-j;'(^(s")+-t)ds" ds ,^ V (x k (8\y h {8)) ds 

and 



K k {t)= I i 



- /^(w*(»')+7) ds ' 



ip(X k (s),y k (s)) ds. 



Remarks 

As long as |yfc(i)| is small enough, thus far from the criticalitics, 

r k {t) = p(t) - p k {X k (t)) - A p k (X k (t))y k (t) = p(t) - p fe (x(i)) + 0(y 2 k (t)) 

dx 

and, since we expect p k (x) to be close enough to the k-th heteroclinic orbit p* k (x), we have 

r k (t)~p(t)-p* k (x(t)) 



(3.15) 



(3.16) 
(3.17) 



(3.18) 



The choice of the variables (y k (t),r k (t)), thus, turns out to be particularly advantageous. Indeed, 
with a good choice of the parameter 7y e , r k (t) is not far from z k (t) just before the criticality and from 
v k (t) just after it, i.e. 

r k {S k ) ~ z k {S k ) and r k+ i{T k+1 ) ~ v k {T k+1 ) 



as it is clear from (2.16), (2.17) and (3.18). Under this change of variables, the dynamics far from 



criticalities becomes "almost unidimcnsional" . Getting in the fc-th criticality we just need, as input, 
the distribution of z k (S k ) that is provided, unless small errors, by r(S k ). Departing from the fc-th 
criticality we get as output the distribution of Wfc(Ifc +1 )|{zfe(rfc +1 ) > 0} that provides the approximated 
value of rfc+i(Tfc + i). Away from the criticalities, the fundamental variable is thus r k (t) and we can 
neglect to carefully analyse the behavior of y k (t) . Since the linearization of r k (t) has a quite simple 



form as a function of u> k (t) = p k (X k (t)) (see (3.14)) everything can be computed with a good accuracy. 



We introduce some of the parameters involved. Assuming that the "fc — 1-th criticality has been 
crossed", we will prove in Section [4] that for any k, z k (S k )\S k ,T k is a Gaussian r.v. of standard 
deviation 6(cr e ) and expected value that is a 0(a e ), with 



£77, 1+8 =e 1 -srr 



and 



CT e Tie 



(3.19) 



On the other hand, we will see that v k (T k+ i)\S k in both cases (the A:-th criticality has been/not been 
crossed) is, for any fc, a Gaussian r.v. of standard deviation 0(e) and expected value that is a 0(a t ) 
with 

&e .= (T l+e ri7 e = (Tee (i-m») e (3.20) 



It is easy to check that, under the condition (2.18) the following asympthotic relations hold that will 
be fundamental in our proof 



cr e = o(l), a e — o(a e ) and a e = o(a e ) 



as 







(3.21) 
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and 



e = o(rj e ), a e = o(r] e ) and rj 2 — o(a e ) as e — » 



(3.22) 



The stable region linearization (2.13) is helpful as long as the dispersion around the heteroclinic 
solution is smaller than the distance 2fc7r — x(t) itself, then we impose |j?fc(jSfc)| < 2kir — x(Sk) — @(r} e ), 
this provides the condition o~ e = o(r] e ) and then the upper bound in (2.18). 



On the other hand, the errors due to the linearization in the critical interval (2.13) are of order 
(x(t) - 2kir) 2 = Q(n 2 ). We want such an error to be small compared with the minimum distance from 
the heteroclinic solution, then we impose (x(t) — 2kir) 2 < \v k (t)\ A |.2fc(i)| for t € [Sk, Tk+i\- This yields 
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o(cr e ) and thus the lower bound in ( 2.18[ ) 



4 Proof of the main result 



In this Section we prove Theorem |2.1| assuming the estimates of the errors due to the linearizations 
obtained in Section [7] and the estimates of the variances computed in Section [6] 



Lemma 4.1. For any fixed k, t > 0, 

Vk(Sk+t) ~ Gauss (fJ, v (t), a v (t) 

with 



Hv(t) = n t e X -\ and o*{t) = (l - e 2X - ^ 



(4.1) 



v k{Sk +£)> t>0 is independent ofa(Sk)- 



Proof. Recall the definition of Vk(i) in (3.2) then it is clear that V}-(Sk +t)\Sk, t > has a Gaussian 
probability law whose average and variance are given by 



E [v k (Sk + t)\S k ] = rj e e 



a t 



and 



va.r[v k {S k +t)\S k ] =E 



(v k (S k +t)-E[v k (S k +t)\S k ] 



e 2 E 



= e 2 E 



a 2\_(S k +t) 



2\_{S k +t) 



S k +t 



dm* 



S k +t 



— 2A s i 

e - as 



s k 



(l-e 2A -*) 



2 A 



then follows the result. 



□ 



Lemma 4.2. We have 



z k (S k +t) - z fc (^) e A + 4 ~ Gauss (0,v M (tj), a 2 z (t) := ±- (e 2A +* - 1). (4.2 
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Proof. Sec the proof of Lemma |4.1| 



Let us define the process 



and 



z k (t) := z k {S k ) e x +«- s ») + ee M / e - x + s dw s , 

JS k 

with z k (S k ) := P k (S k ) - p* k {X k (S k )) + f k (S k ) 
£ k (t) := Z k (t) + (z k (S k ) - z k (S k )) e M*- s *) 



then, by (3.1), (3.3) and (4.4) 



[z k (t) | z k -i{T k ) > 0] - z k [t)+£ k (t), t > S k . 



Lemma 4.3. For t>0, 



z k (S k + t) | z k (S k ) = z ~ Gauss \ u x {z, t), a z (t) 



with 



H z (z,t) = ze X +\ al(t) asm 



Proof. See the proof of Lemma |4.1| 



Lemma 4.4. We have 

z k {S k ) | S k ,T k ~ Gauss(p fe (,S fe ) - p* k (X k (S k )),a 2 r (T k , S k )^j 

with 



u> k (t) as in (3.9). 



Proof. From the definitions of z k (S k ) and r k (t) in (4.3) and (3.14), we have 

z k (S k ) = P k (S k ) - pUXk(Sk)) + e [ S " e -// fc (^( S ')+7)^' dWs 



thus (4.7| follows. 



Lemma 4.5. We have 



z k {S k +t) | S k ,T k ~ Gauss (/J, z ,k(t),(T z ,k(t) 
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with 



Hz,k(t) = eKt ( p k(Sk) - p* k (X k (S k ))) 



and 



ai k (t) = at(T k ,S k )e 2X + t +a 2 z (t) 



(4.9) 
(4.10) 



a 2 (t) as in (4.61 



Proof. From the definition of z k (t) and by Lemma 4.4 we know that z k (S k + t) is the sum of two 
processes that, given S k ,T k have a Gaussian probability law, thus also z k (S k +t) \S k ,T k has a Gaussian 
law. We have 

E [z k (S k +t) | S k ,T k ] = E [z k {S k ) | S k ,T k ] e A +* 



that yields (4.9). By the Ito's formula 



rS k +t rS k +t 

z 2 k {S k +t) = z 2 k (S k ) + / (2X + zt(s) + e 2 )ds + 2e z k {s) dw s 

J Sk J Sk 

thus the function f(t) :— E [zf(S k + t) | S k ,Tk\ satisfies the equation 

d 



dt 



then 



var [z k (S k +t) | S k ,T k ] = E [z 2 (S k + 1) \ S k ,T k ] 



E[%(S k )\S k ,T k ] e 2X + l + (e 2A +< - 1) 



2A. 



hence (4.10) 



□ 



For any £ > small enough, we define the sets 

K, k :={(x,p) : p — A + (x — 2kTr) = r] e , \p — A (x — 2fc7r)| < <r e e 

and 



(4.11) 



H\ := {(x,p) : p = r le + X_{x-2(k-l)n), \p - X + (x - 2(k - 1)tt)| < a e e^} , k> 1 
H :={(-n,p* (-7r))} (4.12) 



In the following propositions we provide some estimates on expected value and variance of z k {S k ). 



Proposition 4.6. There exists C > such that, for any £ > 0, £, e small enough, 



1 (^ fc , Pfc )eW« F T k ,x k ,Pk K(T fe , S* fc ) = 9(cr e )} > 1 - e" 



(4.13) 
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Proposition 4.7. Suppose that (xk,Pk) G H^. tuzift £ small enough, 

\P k (S k ) - pl(X k (S k ))\ = e 
a r (T k , S k ) 

Morover there exists C > such that, for any £ > 0, £, e small enough, 

l (Xk , Pk)e nt Pn, Xk , Pk {\P k (S k ) - pl(X k (S k ))\ = <D(a e )} > 1 - e - C£ ~ 2< (4.15) 

Propositions |4.7| and |4.6| are proved in Section [7J 

In the following two propositions we give some estimates on the errors due to the linearizations. In 



Proposition 6.15 we provide an estimate from below of T k+ i — S* 



k ■ 



Proposition 4.8. There exists C > such that, for any £, e small enough, 

-\,(t-S k ) _ n ,2^ l^i r -Cc 



-2C 



WdeX* Ps k ., k , Pk snp \Z k {t)\e-^-^ = 0{r£) > 1 - e~<" (4.16) 

I S k <t<T k + 1 



till 



(1 



-2C 



\^,P^Ki^s M A sup |VfcC*)l = 0(ni) } > 1 - e- Ge (4.17) 



Proposition 4.9. There exists C > smc/i i/iai, /or any £ > 0, e small enough, 

1 (x k ,p k )eKl P s k ,x k , Pk j^fc+i > S fe + i In T ^ e : ) \ > I - < ' " (4.1S) 



We will prove Propositions |4~10l [4~8| and [49] in Section [7} 

Proposition 4.10. There exists C > smc/i £/ia£, /or any £ > 0, e small enough, 

1 {* k ,p k )eui PT k ^ k , Pk {\z k (S k )-z k (S k )\=0(r 1 2 t Wa e T ] - 2 e 1 -^)} >\-e~ c ^ (4.19) 

and 

Wx.ft-Oe*:*., p 4-,^n» {\p(T k )-pUx(T k ))-v k . 1 (T k )\=0(r 1 2 e )} > 1 - e^ 2 ' (4.20) 



We will denote by $>(x) the function denned by 



$(x) := — L / e"1r rf w (4.21) 
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Lemma 4.11. There exists C > such that, for any £, e small enough, 



P T k ,x k ,p k {\z k (S k )\ < Cr e 6 5 } > 1 - e 



-Ce~ 



Proof. Let us suppose (xk,Pk) € %| and consider the event 

A fe := [<i r (T k , S k ) = e^e), \P k (S k ) - p* k (X k (S k ))\ = 
for suitable c, c', c" > 0, then 



By Propositions |4.7| and |4.6| 



'{|4(5 fc )|>a e e-«|5 fc } 
U fc P {\z k (S k )\ > a t e-Z | S fc }] +P T> «, M {A c fe } 



T k ,Xk,Pk 



, Pk {K} < e 



for a suitable C > 0, £ small enough, and, by Lemma |4.5[ for any given T kl 

<-[P k {S k )-p* k {X k {S k ))] 
a r (T k , S k ) 

<r e e-S - [P k (S k ) + p%(X k (S k ))] 
0>(T fc , S k ) 

where 

a e e-e±[P k (S k )-p* k (X k (S k ))] _ e , a „ _ t 
Or\J- k ,b k ) a e 

for suitable c, c', c" > 0, since a e /a c — e e — o(l) as e — > 0. We have, thus, 



l Afc P {|« fc (S fc )| > <T e e" 5 I S k } < 2$ (c"e-«) < e 
for some C > 0, then the result follows from ( |4.23[ ), ( |4.24[ ) and ( |4.25[ ) 



Proposition 4.12. There exists C > smc/i £/ia< ; /or any /or any £, e small enough, 



P ^.^^ {(a?(5fc),p(S , fc)) € let) 



>l-e 



Proof. (4.261 follows directly from Lemma 4.11 and (4.19), since, by (3.22), e = o(<7 e ) 



Proposition 4.13. There exists C > such that, for any e,£ > small enough, 
\ Xk . Pk) eni Pn, Xk , Pk \ sup \£ k (t)\ e -M*-*) = v ^"V" 2 *) 1 > 1 - e" 

^S fc <t<T fc+ i J 
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Proof. Let us suppose (x k ,p k ) G H k an d define B fc := {sup Sfc<t<Tfe+i |-Z fe (t)| 
we have 



e -X + (t-S k ) 



\Pr k , Xh , Pk {B%} -p{bi\ (x(S k ),p(S k )) £ /C|} | 

< \P Tk . XktPk {B£, (x(S k ),p(S k )) £ /C«} - P {B c fe | (a;(S*),p(5 fc )) G /C«} | 

+P Tfc ^^{(x(^),p(5 fe ))^4} 

< P {B c fe | (x(S k ),p(S k )) G /C|} |1 - P^ lBfc ,p» {(i(S fc ),P(5fc)) € 4} | 

+Pt,^^{(^)^(^))^4} 
<2P Tfc ^, Pfc {( a; (5 fe ),p(5 fc ))^/C«} 



On the other hand, 



{B£ I (x(S k ),p(S k )) G /C«} < sup P Sk ^ Pk {B c fe } 



0(r,l)}, 



(4.28) 



then, from (4.16) and (4.26) it follows that there exists C > such that, for £, e small enough, 



PT fc!:Efe ,p fc {B£} < 



,-Ce" 



(4.29) 



thus, recalling that £ k (t)e 



-A, (t-5 fc ) _ 



from (4.19) and (4.29). 



Z fc (t)e- A + ( *- 5fc) + (z fc (5 fc ) - (|427| follows directly 



□ 



Proposition 4.14. There exists c > swc/i that, for any e > small enough, 

1 



1 (o; fc ,p fc )e«« P T fc ,x fc ,p fc {^(Xfc+l) ^ 0} - 



Proof. We assume (x k ,p k ) £ H^.. We define the event 



C fe := < sup \£ k {t)\e 

I S k <t<T k + 1 



-A, (t-S fe ) _ 



with uf := ?7g V c e ?7 e 2 e : 2 ^. By ( |4.5| we have 

Pr k ,x k , Pk {Cfe, Zfc(7fe + i) > 0} = Pr k ,x k , Pk {C k , z k (T k+1 ) > -£ k (T k+1 )} 

< P T k ,x k ,p k |lfc(T k+ i) 

For Afc as in the Proof of Lemma |4.11| we have 

P T t ,x t ,p t |ife(T fc+ i) 



> -cv e e A + ( T fc+i-^)| 



< E 



T k ,x k ,p k 



l Afc P{z fe (T fc+1 ) 



> -cv e e A + (Tfe + 1 " Sfe) 



S k 



■~PT k ,x k ,p h {Afe} 



(4.30) 



(4.31) 
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By Lemma |4.5[ for any given T k we have 

p{z k {T k+1 ) > -cu e e x +< Ii + 1 - s *) | S k } 

' -VzA T k+i - S k ) - cv e eM^-^)" 



(4.32) 



4> 



where, from (4.10) and (4.9) 



1a, 



Cz,fc(Ifc + i — Sk) 



^ z , k {Tk+i - S k ) + cv e e x + {T ^- Sk) 
c z ,/c(Tfc + i — Sk) 
[Pk(S k )~p* k (X k (S k ))}+cv t 
a r (T k ,S k ) 

< c > ^1 < c « e * 



(4.33) 



for suitable c',c" > 0, since, from pJ8| >, w e = o(cr e ). By ( [431] ), ( |432| ), ( |433| and ( |424| it follows 
that 

PT fc ,, fc , Pfc {C fc , z fe (T fe+1 ) > 0} < $(-cV) + e- c ^ < \+c'"e s 



for suitable C, c'" > 0, hence, by Proposition |4.13[ there exist c, c', C > such that 

PT fc ^, Pfc {^(T fe+1 ) > 0} < P Tk , Xk , Pk {C k , z k (T k+1 ) > 0}+V Tk , XktPk {C c k } 



< 



Analogously, 



p T k .x k , Pk {C k , z k (T k+ i) < 0} = PT^^jCfc, z fc (T fe+ i) < -£ fc (T fe+ i)} 

< Pr k , Xk , Pk {h(T k+1 ) < cv £ e x +^- s ^} 



-Ce~ 



for some C > 0, hence 

x I k ,x k ,p k 

{z k (T k+1 ) < 0} < "T k ,x k ,p k {C k , z k (T k+1 ) < 0} + *T k ,x k ,p k 



1 _r' P - 2 5 

<-+e 



for some C > 0, this concludes the proof of the Proposition. 



□ 



Lemma 4.15. There exists C > such that, for any fixed e, £ > small enough, 



(4.34) 



Proof. We assume (x k ,p k ) £ T-L^ k for some £ small enough. Let be as in (4.30) and define 
r := In (^er^ 1 e - ^) /A + , we have 

p r»,»:»,Pt{ T *+i > S k +r} =PT k ,x k , Pk \ sup |z fe (S* fc < r/ c 

l0<t<T 



< P 



T k ,x k 



,p k \ SUP |* fc (S fc +t)| < Ifc, C k \+P Tk , XktPk {C C k } 
L0<t<r J 
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By (4.271 we know that there exists C > such that PT k ,x k ,p k {C k } < e Ce for any e, £ small 
enough. From the conditions in (3.22) we have (ij 2 V a e r]~ 2 e 1 ~ 2 ^)e x + T = o(r] e ), thus, by (4.5) and the 
definition of C k , 



'T k ,x k . Pk S sup |z fc (Sfe+t)| < r? e , C fc 

' 0<t<T 



< P 



T fc ,x fc , Pfc <j sup \z k (S k + t)\ < 2rj e 

0<t<T 



P<| sup |ifc(5 fc +i)| <2?7 e 

0<t<T 



It is easy to show from Lemma |4.3[ Proposition 4.7 and Proposition 4.6 that for any given T k there 
exists C > such that, for e small enough, 



P<j sup \z k (S k +t)\ <2ry e 

,0<t<r 



then we get (4.34). 



□ 



Corollary 4.16. If(x k ,p k ) & *H k for some £ > small enough then, for any fixed e > small enough, 
k>0, T k+1 - S k is P Tk , Xk , Pk -a.s. finite. 



Proof. It directly follows from the previous Lemma. 



□ 



Lemma 4.17. There exists C > such that, for any e,£ > small enough, 

1 (x k , Pk )eHl P T k , Xk , Pk {\v k (T k+1 )\ > a e e^} < Ce« 



(4.35) 



Proof. Assume that (x k ,p k ) £ H k , we first prove that there exists C > such that 

Pr k ,x k , Pk {\v k (T k+1 )\ >a e e-£} <Ce« 

for any e, £ small enough. 

Let us define the event D k ;= {T fe+1 > S k + j- In (r/ e e^er^ 1 )}, then 
p T fc ,x fclPfc {|w fe (T fe+ i) - fi v (T k+1 - S k )\ > e 1 ^} 



< ^T k ,x k ,p k 



l Dfc P [\v k (T k+1 ) - fi v (T k+1 - S k )\ > e x -« | S k } 



+P Tk ,x k , Pk {T> c k } 



where, by Lemma 4.1 for any fixed T k+ \, 

P [\v k {T k+1 ) - » v {T k+1 - S k )\ > e x "« | S k } 
= 2$ 



o~ v (T k +i — S k ) 



(4.36) 
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By (4.1 ) we have 



o'vyTk+i — Sk) 



< $ (ce~ e ) < c'e~ c e 



I — £ — c"e 



for some c, c',c" > 0, moreover, by Lemma (4.15) there exists C such that 

hence there exists C > such that 

P Tk , s , Pk {\vk(T k+ i) - /^(Tfc+i - S fc )l > e 1 ^} < C"e« 

By plj), fi v (T k+1 - S k ) = ?i t e x - (Tk+1 ~ Sk) , thus, from E37} and the definition of ct £ 



(4.37) 



(4.38) 



(4.39) 



then (4.35) descends from (4.38) and (4.39) since e = o(er e ). We recall now that v k (t) = v k (t) + V k {t) 
then (4.381 follows from \A.ib\ and (|4.17[) since rfc = o(a e ). 



□ 



We decompose the set T-L^. (see the definition in (4.12)) in the two subests: 



U{ = C{c\M k for k>l 



with 
and 



4 := {(x,p) : \p-X + (x- 2(fc - 1)tt)| < a e e^} 



Mk := {(x,p) : p = r] € + \_(x-2(k-l)TT)} 
and recall that Hq = {(— ir, Po( — 7r ))}- 



(4.40) 

(4.41) 
(4.42) 



Lemma 4.18. Suppose that (x,p) G Hk—ii then there exist c, C > shc/i i/iaf 

Pt,.,^ {(x(T fc ),p(T fe )) £ £|} < Ce« 



. li:c ,p{^(T fc ),p(T fe ))e^}-i 



/or any e small enough. 



(4.43) 
(4.44) 



Proof. ( |4.43[ ) follows from ( |4.35[) since (x(T k ),p(T k )) C\ if and only if \v k -i(T k )\ > a e e~$. On the 
other hand, from Propositon 4. 14| it follows that 



PT k - uX , P {(x(T k ),p(T k )) € M k } ~ 



< ce° 



(4.45) 
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since (x(T k ),p(T k )) G M k if and only if z k -i(T k ) > 0. We have 
P Tk _ u *, P {(x(T k ),p(T k )) eHl} 

= Pt.^.x.p {(x(T k ),p(T k )) G M k } - P Tt _ 1: x, P {(x{T k ),p(T k )) e M k U (4) c } 

\PT h _ ux , P {(x(T k ), P (T k )) e «£} - Pn. lM {(i(T*).p(r*)) e AM | 

< P Tt _ bI , {(z(T fe ),p(T fe )) £ 4} < Ce« (4.46) 

□ 



then, from (4.43) 



then (4.44 1 follows from (4.45) and (4.46) since £ is arbitrary. 



Lemma 4.19. Let (x,p) G T-Lq, then there exist c, C > smc/i £/ia£ 

fe 



1 



/or any e smaK enough. 



Ce« < PT ^{(*(r fc ),p(T fc )) G ttf} < Q +cA +Cet (4.47) 



Proof. We prove the upper bound. For (x,p) G W\_ 2 we have 
P TMP {(x(T k ),p(T k )) eui} 



^jMTil.^e^}] + P T ,_ 2 , x>p {(z(T fc _ 1 ),p(T fe _ 1 )) G^fc-x} 
" (I + C€<> ) Pt ^'P {(x(Tk-i),p(Tk-i)) G Wf^} + Ce« 



[ - + ce" ) + Ce« (4.48) 



where the two last inequalities follow from (4.43) and (4.44). By repeating k times this argument we 
find that, if {x,p) G Ho, 



The lower bound follows from the same argument. □ 



Lemma 4.20. Let (x,p) G Wo, then there exists C > such that 

P To , x , P {(x(T k ),p(T k ))t4}<Cei 

for any e small enough. 



(4.50) 
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Proof. For (x,p) € H\_ 2 we have 
P Tk - 2 , x , P {(x(T k ),p(T k ))t4} 



(4.51) 



x,x,p{(z(T*),p(T k ))g4} 

1 (x,p)£K|_ 1 Vi,x,p{W^),p(Ii)) ^ A} 



PT Jb _ a ,x,p{(a:(r fc _ 1 ),p(r fc -i)) £ -Cfc-i} 
< Ce f P Tfc _ aiiej ,{(a;(T fc _i),p(T fc _i)) e H{_^+C£ 







+ 1 


[G- 


he/) 









the last two inequalities descending from (4.43) and (4.44). By repeating k times this argument we 
find that, for (x,p) 6 Ho, 



k-l 



V To . XtP {{x{T k ),p{T k ))iCi)<C^Y,\\+ c n < C '^ 

i=0 ^ ' 

this concludes the proof of the Lemma. 



(4.52) 
□ 



Conclusion of the Proof of Theorem 2.1 

then we set 

z k (t) = 

Let (x,p) € Ho, then we prove that there exists C > such that 

fc+i 



The processes z k (t) are well defined only for k < Af, 
for k > Af + 1 



(4.53) 



for any e small enough. We have 



Pt ,x iP {A^ = k} = P To , X)P {z fe (T fc+1 ) < 0, 2 fc _i(T fc ) > 0, z (Tx) > 0} 

= P To , x , P {z k (T k+1 ) < 0, 2fe_i(T fe ) > 0} 

= P To ,., P {(x(T fc+1 ),p(T fc+1 )) ^ M fc+1 ,(x(T fe ),p(T fe )) eX fc } 

= ~£>T ,x,p [l {x , p )eM k Pt,,,, p {(affTfc+xJjpfTfc+i)) ^ M k+1 }] 



< E 



r 0) x, ; 



1 (^ I p)ewJ 



Pr k ,x, P {{x{T k+1 ),p(T k+1 )) M k+ i} + Pt ,x, p 

P To ^, p {(x(T fc ),p(T fe )) e + Ce« 



< 



< 



+ ce c 



ce 



< 



fc+i 



the last three inequalities descenging from (4.45), (4.50) and (4.47). This yelds the upper bound in 
(4.53), the lower bound can be obtained by an analogous argument. Thus Theorem 2.1 follows from 
(453). □ 
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Proof of Proposition |2.3[ For £ > we define the set 



Ql := \ (x,p) :x<2kn 



1 



KVe ( _ |A_|cr e e * 
P (A + -A_) ^ A + 77 e 



(A + -A_)v t?, 
We prove that, for (x,p) £ Ho, 

limPT ,x, P {(^(^+1)^(^+0) ^ Q^} = 

We have 

Pt ,x, p {(z(Taa +1 ),K2V+i)) £ Q^} 

= V To , x , p {{x{T M+l ),p(T M+1 )) i Q^, z M {T M+1 ) < 0, sjv-i(2V) > o} 



(4.54) 

(4.55) 
(4.56) 



E. 



To.x.p [i(x, P ) £ M^ Prv,x,p{(a:(7V+i),p(2V+i)) ^ Qaa> zjv(2V+i) = ( 4 - 57 ) 
it is easy to check from the definition of Q| that 

|(x(Tv +1 ),p(Tv +1 )) i Q^-, ZaH^V+i) = = {W(7a/-+i)I 

then 



> c, e 



PT ,x,p{(x(T A f +1 ),p(Tj^ +1 )) £ Q^-j = E ToiX ,p ± {x , p)£M M ~P Tm ,x, p {\vm{Tm +1 )\ >a t e c | 



then (4.541 follows from (4.35), (4.501 and (2.22) 



□ 



5 Deterministic paths 



In this Section we study the qualitative behavior of the orbits of the system (3.5 1 lying in a neighbor- 



hood of the heteroclinic path. We recall that p* k {x) is the heteroclinic orbit defined in (2(fc — l)ir, 2fc7r). 
We have the following result. 

Lemma 5.1. Let us fix S > small enough, then, for any 2(k — l)7r < x < 2(k — 1)tt + 5, 

p* k (x) = A + (l + 0(S))(x - 2(k - 1)tt) (5.1) 
whereas, for any 2kir — S < x < 2kir 

p* k (x)=\_(l + 0(S))(x-2kn) (5.2) 



Proof. It follows directly from (2.11) 



□ 



We denote by pk(x) a generic orbit in the phase plane close enough to p* k (x) in (2(k — 1)tt, 2kn) in the 
following sense. We fix r\ > small enough and define x k , x' k £ (2(k — 1)tt, 2kn), x k < x' k such that 

x k - 2(k - 1)tt = 6(7?) and 2kw - x' k = 6(77) as 77 ^ (5.3) 

we suppose 

\pk(x k ) - P*k(x k )\ = 0(77) as 77^0 (5.4) 
then, as we will see in the following Lemma, pk(x) is well defined in [£fc,a;y. 
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Lemma 5.2. For Xk,x' k as in (5.3) and pk(x) satisfying (5.4| ; we define Pk{x) := p k {x) — p£(x). 
Lei /|(x) ;= 8 + e s p i w then, for any 8 > rj small enough, 



a 

Pk(x) =p k {x k ) (^)*+ (1 + 0(5)) for x k <x<2{k-l)n + 6 (5.5) 

for 2(fc-l)7r + <5< x<2kiT-6 (5.6) 



3 

P/c(x)=p fc (x fe )x/ f k {x) (1 + 0(5)) 



and 



Pk(x) = Pk(Xk) 



+ 



-p- /|(2/wr-<5) (1 + 0(5)) /or 2/ctt - <5 < a; < 4 (5.7) 



(2fc7r-x) ; 



Proof. Because of the periodicity of the dynamics, it is sufficient to prove the result for k = 1. In 
order to lighten the notation, we omit the index I in pi(x), p*(x), etc. 
We define x* := inf{x > X\ : \p{x)\ > n}, thus, by (2.5), 



then 



p'(x) 



p(x) — p(xi) e-ki p*(")(p*w+p(«» du 



7'(x) 



ng) 

p*(x)p(x) p*(x)(p*(x) +p(x)) 

for x > x\ 



hence there exists a function g(-) such that 



V'(") 



p(x) = p^x) e {1+a(x)) S 'i 



du 



and sup \g{x)\ <cq 



for some c > 0. We fix <5 > small enough, 8 > T], then, by (2.9 1, for any k > 0, 
V'(x) = -P(x-2kn)(l + 0(5)) for |a; — 2/ctt| < 5 



(5.8) 
(5.9) 

(5.10) 
(5.H) 



By (5.1) and (5.11), there exists g(x), with sup 0<a , <(5 \g(x)\ — 0{8) as 8 — > 0, such that 

V'(u) 



,,\ du ,\' J hl 



+ <?(x) for xi < a; < i5 



l Xl P"W 

and, by (5.2) and ( 5.11[ ) there exists <jr(x), with sup 27r _ (5<;I , <27r | = 0{8) as (5 — > 0, such that 

' 27T — X 



(5.12) 



27T-5 



v>) , /? , 

p* 2 (u) A 2 



g(x) for 2tt — 8 < x < 2tt 



Since x\ = o(8), from (5.9), (5.13) and (5.12) we gather 

/s 

r 



p(x)=p(x 1 )e^)^)) 



for xi < x < 8, 



then, in particular, from (5.4), 



sup \p(x) I < \p{x x ) I =o(r)) 



(5.13) 



(5.14) 



(5.15) 
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thus x* > 8 then (5.5) follows from (5.141. From (5.5) we have, thus 



p(x) = p(xi) x* + f(x) (1 + 0(5)) for 8 < x < (2tt - 8) A x* 



(5.16) 



Since f S (x) does not depend on 77, we have in particular that 8ups<x<%ir—s\p{ x )\ ~ °( r ?)j hence 
x* > 2tt — 8, thus (5.6) follows. Finally 



, w , ~-%r (l+9(*)) 

p(a?) =p(27r-(5)e 9(;E)(1+9(;r)) (2tt-x) x - for 2n ~ 8 < x < 2ir (5.17) 



thus 



sup |p(x)| = 1^(4)1 = \ P (2k-S)\0[ti 

27r — 8<.x<x' 1 Ax* 



\p(x 1 )\0\r,\ x + 



0(77) as 7/ — > 



(5.18) 



since -A- > -A-. We have, thus, x* > x' 1} then (5.7) follows from (5.16) and (5.17). 



□ 



Remark 5.3. Notice that 



Pk{x) = 0(77) 



for any x k < x < x' k 



and, by (5.18) 



p(x' k ) = \p(x k )\o(r)^ e ) 



J3 p_ 

since ^2 \2 
+ 



(5.19) 
(5.20) 



Lemma 5.4. For x k ,x' k as in (5.3) and p k {x) satisfying (5.4) 

d 



sup 

x k <x<x'. 



dx 



Pk(x) 



0(1) as 77 -> 



Proof, pfe(x) verifies the equation 



d V'{x) 

-i-pk(x) = ^ -7 



(5.21) 



(5.22) 



then it is sufficient to prove that V'(x)/p k (x) is uniformly bounded in 77 in a neighborhood of x k and 
x' k . Thus the result easily follows by expanding V'(x) and pk{x) in a neighborhood of and x' k and 
by using Lemma |5.1| and Lemma |5.2| □ 



By similar arguments can be proved the following Lemma. 



Lemma 5.5. For x k ,x' k as in (5.3) and pk(x) satisfying (5.4) we have 



dx 



Pk{x) 



dx 



p* k (x) <\pk(x k ) ~ P* k (x k )\v 1 for x k <x<x' k 



(5.23) 
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We define, now, the functionals 



4">[M(*) = f 

Jx P{U) 



and 



&»>[p,x](x) :=p n (x) 



x du 



X du' /»' ^("") d «' 



p 2 (w') 



(5.24) 



(5.25) 



n G N, x > x. In the rest of the Section we provide some estimates on Ef [p, x](-) and £y"^[p, x](-) 
that are fundamental for the study of the variances in Section [6] 



For ri,Xk,x' k , pk{x) verifying the conditions in (5.3 1 and (5.4), we prove the following Lemma. 
Lemma 5.6. For any k > l,n G N we have 

as r]^0 (5.26) 



sup 



moreover 



n, (r,) n r n{1+e) 

E^[p k ,x k ](x' k ) Pk[ k \ , k =9(1) as (5.27) 



Proof. As before, we prove the statement for k = 1 and omit the index 1 in the notation. 
At first we prove that 



s£"Wi](s) 1 
p(x) n F n [p, Xl ]{x) 



From (5.8 1 we have 



0(77) with F n [p,xi](x) 
F'(x) 



du 



p{u)p(u) r 



p'{x) = 



p(x)(p(x) - p{x)) 



then 



p(x) = p(u) e Ju 6>("')(p("')-p(«')) 



7yT ^ u 



for any xi < u < a; 



thus, from (5.20) there exists g(x) such that 



p(x) = p{u) e il+ ° {x)) I: ^> du ' and sup \g(x) \ = 0(77) 



it follows that 



sup 

Xi <iz<a;<a:^ 



p(a:)" 



0(7?) 



this yields (5.28) 



Let S be small enough, x € [xi,8], then by (5.1) and (5.5) 



(5.28) 

(5.29) 
(5.30) 

(5.31) 

(5.32) 



F n [p, Xl ](x) = (l + 0(S))-^ 



+ r x 



A + p(xi) r 



(l + 0(<5)) 



n/3p(xi) r 



xi 



+ du 



for xi < x < S 



(5.33) 
(5.34) 
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Let, now, x G [8, 2tt — 8], then F n [p,x\](8) = F n [p,x{\(8) + F n [p,8](x) with, by (5.6) and (5.20) 



F n [p,8](x) = (1 + 0(8))^- 



+ r-x 



du 



p{xi) n Js P*(u) f s (u) n 



for 8 < x < 2tt - 8 



(5.35) 



with f (x) as in Lemma 5.2 Finally, for x g [27r — <5, a^], i^p, a;i](a;) = F n [p, xi](2tt — 8) + F n [p, 2tt - 



8}(x), with, by Q and (p57|), 

F n [p,27r-5](z) = (1 + 0(5)) 



|Aj/ 5 (2 7 r-<5)»p( a;i )» 



(5.36) 



2-7T — X 



(1 + 0(5)) 



\X_\ Xl 



nf3f s (2TT-S) n p(x 1 ) n 



<5 A - - (2tt- x) 



A-' 



for 2tt - 8 < x < x[ (5.37) 



From (5.34), (5.35) and (5.37) we have that, for any x € [21,2^], 

F n [p, Xl ]{x) p{ Xl ) n x^ =0(1) as t?->0 



(5.38) 



and, in particular, 



A - 



]imF n [p,x 1 }(x' 1 )p(x 1 ) n x 1 + = (1 + 0(8)) 

r)— >0 



' X. 8 X >■-*-< 



V 



du 



\X_\8 



X- 



n(3 Js p*(u) f s (u) n n/3 f s (2n — S) n 

(5.39) 



Hence, by (5.38) and (5.28), for any x e [a?!,^] 

^[p,x 1 ](x] 



A3 



P(x) r 



p(x 1 )"x 1 + =0(1) as 77^0 



(5.40) 



then (5.26) follows since fl/X 2 =1 + 9. From (5.39) and the definition of f s (x) it is clear that the 
limit 



A- 



lim F n [p,a:i](a: / 1 )p(a;i) n x 1 
17— >u 



lim <5 + / — e 

*-*> \ A P*(«) n/8 



p « J 



0(a- 2 +a: 2 ) 



must be finite and strictly positive, thus (5.27) follows from (5.41) and (5.28) 



(5.41) 
(5.42) 
□ 



Corollary 5.7. From (5.26) and (5.3) it follows that 



sup ^[ Pk ,x k ](x)=0( V - 

Xk<x<x' k 



as rj — > 



and 



ZM[p k , Xk }(x' k ) = G(r,-^) as 



(5.43) 
(5.44) 
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Proof. The result follows since, from Lemma [5. 2 1 

Pk{x) _ p k {x' k ) 



where 



sup 

x k <x<x' Pk(Xk) Pk(Xk) 



Pk{xk) 



since 



/3 /3 _ 7 



A 2 ^ 



(5.45) 

(5.46) 
□ 



Lemma 5.8. We have 



sup |4")[^,a: fc ](x)| =0(r)- 

x k <x<x' k 



T) -> 



(5.47) 



Proof. We prove the result for fc = 1 and omit the index 1. From (5.32 1, it follows that 

-l 



sup 

xi'Cx'Cx'i 



^ ( y n) [p,xi] f f x B(u,x) n du 



P(x) n \Jx 1 P{u)p{u) n 



1 



o(rf) as rj — > 



ith 



B(u,x) := / 

J U 



x p{u') du 1 



(5.48) 



(5.49) 



P {u'Y 

By the same techniques used in the proof of the previous Lemma it is possible to show that there 
exists c > such that 



B(u,x) < cp(xi)rj X + 



U + l X i<«<5 + l<5<«<27r-5 + (27T - ti) 



L 2n-S<u<x', 



for any 77 small enough, then, by Lemma |5.2[ there exists c > such that 
B(u, x) 



p(u) 



< C [u 1 la:i<«<6 + lrS<u<27r- <5 + (27T — u) 1 l27r-5<«<x'J 



hence 



B(u,x) n du 
x 1 < x <x' 1 Jx 1 P(u)p(u) n 



sup 



0{r]- n ) as -> 



thus (5.471 follows from (5.48) and (5.52) 



(5.50) 

(5.51) 

(5.52) 
□ 



6 Estimates of the variances 

We recall that (X k (t), Pk(t)), T k < t < Sk is the solution of the problem 

X k = Pk X k (T k ) = x k 

Pk = -jPk - V'(X k ) P k {T k ) = Pk 



(6.1) 



pk(x) is the related orbit in [2(k — 1)tt, 2kir], i.e. the path such that p k (X k (t)) = P k (t) for T k < t < S k 
and ui k (t) = £p k (X k (t)). 

In this Section we provide some estimates on the variances of the processes y k (t) and f k (t) . The two 
following Lemmas follow directly from their definitions in (3.15) and (3.14). 
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Lemma 6.1. Let 



the 



Lemma 6.2. Let 



<J 2 r (T k ,t) :=e 2 / e -2/>*( S ')+7)ds' ds 



f k (t)\T k ~ Gauss (0,<7 r (T fe ,t)), t > T fc 



v 2 v (t,T k ) :=e 2 



„2 £ui fc (*")<**'' 



J/ (2w fe ( S ")+7)<is" 



then 



y k {t) | T fc ~ Gauss (0, a y {T k) t)) , t>T k 



(6.2) 



(6.3) 



Let r] e > be as in Section [3j we recall that 

H{ = {(x,p) : p = Ve + X_(x-2(k- l)vr), \p - X + (x - 2(k - l)ir)\ < a e e^} , for fe > 1 (6.4) 
and Ho = {(— 7T, Po(— tt))}, and define the stopping time 



S k := inf <{ t > T k : X fe (t) > 2kn - ^ ^ - }■ ( (i.r, I 



We denote by x' fe := X(S k ), then 



and a; fe < X fe (t) < x'u for T k <t< S k 



2fcvr 



2(A + -A_) 



(6.6) 



In the following Lemma we prove that, if {x k ,p k ) € 'Hi, then Xfc, x' k and pfe(-) satisfy the conditions 
(5.3) and (5.4) in [2(k — l)ir, 2k-K\ in the following sense. 



Lemma 6.3. Let (x k ,p k ) 6 7i k , with £ small enough, then 

x k - 2{k - 1)tt = 9 and 2fc7r - 4 = 6 (r? £ ) as e^O (6.7) 



moreover 



\pk(xk) - P*k(xk)\ = o(r] e ) as e^O 



(6.8) 



Proof. (6.7) follows directly from the definition of H k and from (6.6), whereas (6.8) is verified since 



\pk(xk) ~ P* k {xk)\ = \Pk - P*k(Xk)\ 

< \Pk ~ \ + {x k - 2(k - 1)tt)| + \\ + (x k - 2{k - 1)tt) - p*k(x k )\ 

< ff £ e" c + cry 2 < 2CT £ e" 4 



(6.9) 



where the last inequality follows from the definition of H k , (|5.1|) and the left hand side of (6.7). Hence 



(6.8) holds if £ is small enough, since, from (3.22), er £ = o(rj e ) as e — > 



□ 



Lemma 6.4. Let (x k ,p k ) € 'Hf , wi£/i £ small enough, then 

p k (x' k ) = \_(x' k -2kir) + 0(a e e-t) as e^O (6.10) 
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Proof. From (5.20) and (6.9| we have 



\p k (x' k ) - p%(x' k )\ <cn^ <t e e-* = O (or ee -C) as e^O 



then the result follows from fl5.2l since, from pjgt , ?y 2 = o(ct £ ) as e — >• 



(6.11) 
□ 



Remark 6.5. As a consequence of Lemma 6.3 and the considerations done in Section J^.l, pk( ) is 
well defined in [x k ,x' k \. 



Proposition 6.6. Let (x k ,p k ) £ H k , £, small enough, then 



sup o-%(T k ,t) = 0(a 2 ) as e^O P Tk ,x k , Pk a.s. 

T k <t<S k 



(6.12) 



Proof. We have 



a 2 (T k ,t) = e' 



x te (t) 



-aft'" gfet^? dM ' du 2 
Pk(u) 



xW[p k ,x k ](X k (t)) 



where the second identity follows from (2.5), then 



(6.13) 



sup a 2 (T k ,t) = e 2 sup £< 2 > [p k , x k ](x) = e 2 0(n c 1+0 ) (6.14) 

T k <t<S k x k <x<x' k 



(3.19) 



where the last equivalence follows from (5.43). Then (6.12) follows from the definition of er £ in 



□ 



Proposition 6.7. Let (x k ,p k ) £ H k , £ small enough, then 

sup o 2 y {T k ,t) = O (e 2 v7 2 ) p T k ,x k:Pk a.s. 

T k <t<S k 



(6.15) 



Proof. We have 



thus 



o- 2 y (T k ,t) = e 



2 / e ' ! Jx k (s) ^UF) du 



X k (t) 



Pi(x k (t)) / Pfc ( u ) 



* fc(t) du' 
P 3 fc M 



2 4 2 )[p fc ,x fc ](x fc (t)) 



sup _ a 2 (T fc , t) - e 2 sup [p fe , x k ] (x) = e 2 O (t^ 2 ) 



T k <t<S k 



where the last equivalence follows from (5.47) 



(6.16) 

(6.17) 
(6.18) 

(6.19) 
□ 
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Lemma 6.8. Let (xk,Pk) & Ht, £ small enough, then there exists C > such that 



sup sup < C 

e<lT k <t<S k 



.20) 



Proof. It is a direct consequence of Lemma 5.4 



sup \u> k (t)\ = sup 

T k <t<S k x k <x<x' 



dx 



Pk(x) 



(6.21) 
□ 



Lemma 6.9. Let 



H r {T k ,t):= e -Il(u k (s') +1 )ds' ds 
Jr k 



Hy(t,T k ) 



a Jl u k {s")ds" 



-S" (2u k {s")+-()ds" ds > 



ds 



then, for (x k ,p k ) € H k , £ small enough, we have 



sup H r (T k ,t) = O [ Tl e " 
T k <t<S k 



sup H y (T k ,t) = O [r]- 1 ) 

T k <t<S k 



(6.22) 
(6.23) 

(6.24) 
(6.25) 



Proof. It follows directly from (5.43) and (5.47) since 



H r (T k ,t) = XW[p k ,x k ](X k (t)) and H y (T k , t) = [p k , x k ]{X k (t)) 



(6.26) 
□ 



7 Estimate of Errors 

In this Section we prove Propositions [L6j [L7j [L8j [O] and |4.10| 
Errors in the stable interval 

We denote by Pr k .x k .p k the law of (x(t),p(t)) given x{T k ) = x k , p(T k ) = p k . In this first part of the 
Section we will prove the following Proposition. 



Proposition 7.1. There exists C > such that, for any £ > 0, £, e small enough, 

1 .. ,,, Pt. , ... I -hp //,.(/)! < ' • " (7.1) 



1 (x k , Pk )eul P T k ,x k ,p k 



( sup |R t (t)|>^r 2 4<e- C£ - !! 

lT k <t<S k J 



and 



1 (x k , Pk )tul lp T k ,x k , Pk \ sup |r fc (t)|>o- e e < }> < e C ' " 



T fc <t<S fc 



(7.2) 
(7.3) 
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Lemma 7.2. There exists C > such that, for any £ > 0, £, e small enough, 



1 (, k , Pk )eHi P n, Xk , Pk \ sup \y k (t)\ > - e 



(7.4) 



Proof. Suppose that (x k ,p k ) G %| for some £ > small enough. Let us hx £ > 0, then, from Lemma 



6.2 (8.4) and (6.15) it follows that there exists C > such that, for any e small enough, 



T k ,x k ,p k 



sup \y k (t)\ > J-eS \ < e~ c ^ 2< 



T k <t<S k 



in 



We recall that y k (t) = y k (t) + y k (t) with 

y k {t) < H y {T k ,t) ■ sup <p{X k {a),y k {8)) for T k < t < S k 



(7.5) 



(7.6) 



T k <s<S k 



see (3.16) and (6.25)). From (3.7), we know that ip(x,y) = 0(y ) for small \y\, then if we define the 



stopping time := inf{t > T k : \y k (t)\ > e 1 ^rj c then there exists c > such that 



sup \ip(X k (s),y k (s))\ < c 
T k <s<ri/\S k 



,2(1-0 



(7.7) 



thus, from (7.6) and (6.25) we have 



e 2(l-C) _ 

\y k {t)\ < c 3— for any T k < t < Tf| A S k . 

Ve 



(7.; 



Thus, since \y k (t)\ < \y k (t)\ + |34(i)|, by ( |775| > and ( |7T8] ), with P^.n^ -probability greater than 
1 - 2e 



-Ce" 



e l-< e 2(l-C) e i-c 
sup \yk(t)\<— Vc — < 



T k <t<TlAS k 



2 Ve 



v< 



hence, in particular, with the same probability, S k < T k , then (7.4) follows 



□ 



Lemma 7.3. There exists C > such that, for any £ > 0, £, e small enough. 



IT fc <t<Sfc /e I 



(7.9) 



Proof. Suppose that {x kl p k ) G «t for some £ small enough. From (|3.17[) we know that 



1Z k {t) = H r (T k ,t) ■ sup ip(X k (s),y k (s))ds 

T k <t<S k 

thus, by Lemma [7T2| we know that there exists c > such that 

£2(1-0 



sup \ip(X k (s),y k (s))\ < c 



T k <s<S k 



(7.10) 



(7.11) 
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with Pr k .x k ,p k -probability greater than 1 — e Ce s , then, from ( 7.10[), (|7.11[) and (6.24) it follows that 



sup \Uk(t)\ < c 



e2i-C L_ 

„ 1+( 



(7.12) 



T k <t<S k 

with Pr k .x k ,p k -probability greater than 1 — e 



Ce 2C , hence (7.9) follows from the definition of er e . □ 



Lemma 7.4. There exists C > smc/i i/iai 7 /or an?/ £ > 0, £, e small enough, 



\x k , Pk )eu{ Tk,xk,pts < sup 



|r fe W|>a e e-< <e- Ce ~ 2C 



(7.13) 



Proof. Assume (xk,Pk) € Wf, with £ small enough. We recall that r&(i) = rfc(t) + lZ k (t). From 
Lemma 6.1 (8.4) and (6.12), there exists C > such that, for any £ > 0, e small enough, 



?T k , Xk , Pk { sup |f fc (t)| > ^ e ~< < e" C£ " C 



hence the result descends from (7.14) and Lemma 7.3 since, from (3.22), e = o(r]^) 



(7.14) 
□ 



Corollary 7.5. There exists C > suc/i £/iai, /or any £ > 0, £, e small enough, 
h^eul P n, Xk , Pk \ sup \q k (t)\ > t e~< I < e- Ce " 2C 



(7.15) 



Proof. We recall that g%(t) = rfc(i) + u>k(t)yk(t), then (7.15) easily follows from Lemma 7.2 Lemma 
l7T4land Lemma EH □ 



Lemma 7.6. Lei oe i/ie stopping time defined in (6.5) and 



S fc :=inf \t>T k :X k (t)>2kTr 



(A + -A_) 



i/ien i/iere exists C > smc/i i/iai, /or any £ > 0, £, e small enough, 



{s k <s k < s k } 



1 (x k .. Pk )en{ p T k .x k ., Pk [S k <S k <S k >>l-e 



-Ce' 



(7.16) 



(7.17) 



Proof. We only show that 



H t Pr k ,x k , Pk {S k < S k } > 1 - 



-Ce- 



(7.18) 



since the arguments for the estimate of Pr k ,x k .p k |>§fc < are specular. Assume (x kl p k ) 6 T~C\, for 
some £ small enough. We have 



p T fc , Kfc , Pfc {Sfc < 5 fc } > P Tk ,x k , Pk {v k (S k ) < rj t } 



(7.19) 
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where 

v k (t) = P k (t)-X + (X k (t) - 2fc7r) + q k (t) - A + y k (t) . 
Recalling the definition of Sk and x' k in ( |6.5| , we have 

Vk(Sk) = Pk(x' k ) - A (x' k - 2kir) +q k (S k ) - \ + y k (S k ). 



thus, from Lemma 6.4 we have 



Vk(Sk) (<lk(Sk) - X + y k (S k )) 



< c<7 e e 



(7.20) 
(7.21) 

(7.22) 



for some c > 0. By Lemma [7.2| and Corollary |7.5[ there exists C > such that, for any £, e small 
enough, 

P^W* jk(5 fe ) - A + y fe (S fc )| > ^e^J < (7.23) 



From (3.22) we know that tr e e * = o(rj e ) and e 1 ' = o(r)^), for £ small enough, thus, from (7.221 and 



(7.23) it follows that 



T k ,x 



„Pk {Vk(Sk) > Ve} < 



then ( |7.18| follows from ( |7.19[ ) and ( |7.24| 



(7.24) 
□ 



Proof of Proposition 7.1, It directly follows from (7.4), (7.9), (7.13) and Lemma 7.6 



Errors in the critical interval 

For any £ > we recall that 

K.\ = {(x,p) : p — X + (x — 2kn) = rj f , \p — X_(x — 2kn)\ < a t e^} 



□ 



(7.25) 



and denote by Ps k ,s k ,p k the law of (x(t),p(t)) given x(Sk) — Xk, p(Sk) — Pk- We will prove the 
following result. 



Proposition 7.7. We have 

sup \z k (t)\ < n e Ps k ,x k , Pk a.s. 

S k <t<T k + 1 

moreover there exists C > such that, for any S > 0, £, e small enough, 



(7.26) 



p s k ,x k , Pk { sup \v k (t)\ > (1 + 6)r) e \ < e 

S k <t<T k+1 



(7.27) 



for any {x k ,p k ) € 



Lemma 7.8. There exists C > such that, for any 8, C > 0, e sma// enough, 

P Sk , Xk , Pk { sup |« fc (i)| < (1 + 5)%) > 1 - e- c ^ (7.28) 
U>s k J 

/or any (x k ,Pk) € IR 2 - 
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Proof. From Lemma 4. 1 we know that the probability law of Vk (Sk+t) — r/ e e x - * is a centered Gaussian 



of variance independently on the initial condition (xk,Pk) at time Sk- By (4.1 1 we have 



sup al(t) < — — -r 



thus, by (8.4 1, there exists C > such that, 



p s k ,s k ,p k i sup \v k (S k +t)-rj e e 



> e 1 ^ < <r c * 



for any £,<5 > 0, e small enough, (xk,Pk) G K , then (7.28) follows since, from (3.22), e f = o(ry e ). □ 



(7.29) 



(7.30) 



Lemma 7.9. There exists C > swc/i i/iai, /or am/ £ > 0, C, e small enough, 



l (x k ,p k )€Ki ^S k ,x k ,p k <] SUP 



(7.31) 



Proof. From Lemma 



4.2 



we know that the probability law of the process Zf-(Sk +t) — Zk(Sk)e x + t is a 
centered Gaussian of variance c 2 (i) independent of the values {xk,Pk) at time 5*^. From the formula 
in (4.2 1 we have 



2/.\ -2A t , e 

super 2 (£)e + < 
t>o 



2 

2A~ 



+ 



thus, by (8.4), there exists C > such that, for any £ > 0, e small enough, (xk,Pk) S K 2 , 



< sup Zfc(A" fc — i)e A +* - z k (Sk)\ > e 1 c >< 
,t>o J 



then, with Ps fc ,s fc ,p fc -probability larger than 1 — e Ce 

Mt)|e- A + (t ~ Sfc) < + e 1 ^ Vt > S fe . 



(7.32) 



(7.33) 



(7.34) 



Let us assume (xk,Pk) 6 /Cf, for some £ > 0, hence (7.31) follows since |zjfe(Sfc)| = |p— A_ (x — 2kw)\ < 



cr c e * and since, from (3.22), e 1 ^ = o(a € e for £ small enough 



□ 



Proof of Propositions 7.7 , 4.8 and 4.9 (7.26) follows directly from the definitions of T^ +1 and 
/C^, since rr e e - ^ = o(?y e ) for £ small enough. 

Assume (xk,pk) € JC|, thus |x — 2/c7r| < 3^ £ /(A + — A_). Consider the stopping time 

3r/ e 



r fe := inf i t > S k : \x(t) - 2kir\ > 



A + - A. 



then, since ipk(x) = 0((x — 2fc7r) 2 ) for small (x — 2kii), by (3.4) there exists c > such that, for any 
S k <t<T k AT k+1 , 



\Vk(t)\<cr£e 



2 A t 



-A s 



ds < crjl 



(7.35) 
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and 



then 



\Z k {t)\ < c^ e V / e- x + s ds < cr, 2 e 
Js k 



2 p \ + (t-S k ) 



sup \V k (t)\ < c'tf and sup \Z k (t)\e- x + {t ~ Sk) < c' V 2 e 

s k <t<r k AT k+1 s k <t<r k AT k+1 



(7.36) 
(7.37) 



for suitable c' > 0. Recalling that Zk{t) — Zk(t) + •Zfc(t), since rf t — o(cr e ), it follows from (7.31) and 



the right hand side of (7.371 that, for any £ > 0, (, e small enough, 
. k. TV-,,. | sup |z fe (i)|e-M'-^) 

v p ' k \S k <t<r k AT k+1 



> <r e e~ 5 \ < e 



-Ce~ 



(7.38) 



for a suitable C > 0. 

On the other hand we have v k (t) — Vk{t) + Vfe(t), then, by Lemma 7.8 and (7.37), there exists C > 
such that, for any (xk,pk) G K 2 , (, S > 0, e small enough, 



p s fc ,s fc ,p fc < sup \v k (t)\ > rjcil + 6) } < e 
\s k <t<r k AT k+1 



-Ce~ 



(7.39) 



We recall that x(t) - 2kir = (z k (t) - v k (t))/(X + - A_), thus from (7.26) and (7.39) it follows that 



S k ,x k ,p k 



{T k > T k+1 } > P Sk ,x k , Pk { sup \x(t) - 2kn\ < 



s k <t<r k AT k+1 



(2 + 6)r) e 
A + -A_ 



> 1 - e 



-Ce" 



(7.40) 



thus ( |7.27| ) follows from ( |7.39[) and ( |7.40[) whereas ( |4.18| follows from ( |7.38[ ) and (|7_40j. ( |4.16[ ) and 
(|4.17|) descend both from V.35} and (17.401). □ 



Conclusion of the Proofs 

We conclude the proofs of Propositions |4.7[ |4.6| and |4.10| 



Proposition 7.10. Suppose that (x kl Pk) € H\ with £ small enough, then there exist c' > c > such 
that 



V { e 1+9) < \Pk(Sk) - pt(X k (Sk))\ ^ < ^ 1+6 



CT r (T fe ,5 /c )|p fc (x) - 



(7.41) 



/or any e small enough. 



Proof. Suppose that (xk,Pk) S From (6.13) we know that 

^■(Tk,S k ) = e 2 zW{pk,x}(Xk(Sk)) 



where, by (5.27) 



hm r „ s „, ,„ ,„ „ 10 [pk{x) - p fc (x)] (x - 2(fc - 1)tt) ; €(0,+oo) 



- >o [P fe (S fe ) - p«J(X fc (S fc ))] a 
then, from ( |6.7[ ) it follows that 

|i\(5 k ) - p£(X fe (S fe ))| 



lira 



b(7 r (T fc ,5 fc )| Pfc (i)-pJ(i)| 



e (0,+oo) 



from which the result. 



(7.42) 
(7.43) 

(7.44) 
□ 
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Lemma 7.11. There exist C,c,d > such that, for any £ > 0, £, e small enough, 



1 (x k ,P k )eui p T k , Xk , Pk {cr) e < 2kir - X k {S k ) < c'r) e } > 1 



-C<T 



(7.45) 



Proof. (7.451 follows from Lemma 7.6 and the monotonicity of Xk(t) 



□ 



Proof of Proposition 4.6 From Lemma 7.11 the hypothesis (5.3) holds for the couple x,X k (S k ) 



with probability larger than 1 — e Ce s then (|4.13[) directly follows from (|7.42| and (|5.44[). □ 



Proof of Proposition 4.7 

we have e-^+V = e e . (|4.27|) 



(4.14) easily follows from (7.41) and (6.9) since, from (3.19) and (3.20) 



is a direct consequence of (4.14) and (4.13) 



□ 



Let us define the processes 

Z k (t) = p* k {X k {t)) - \_{X k {t) - 2fe7r), V k (t) = p* k {X k {t)) - \ + {X k (t) - 2(k - 1)tt) 
we have the following result. 



Lemma 7.12. Let (x k ,p k ) € T-V\ for some £ > 0, then there exists c > such that 

\V k {T k )\ < erg P Tk ,x k , Pk a.s. 
There exist C, c' > such that, for any £ > 0, £, e small enough, 

J„2\ ^ -i „-Ce- 2C 



1 (^v k )eui Pr k , Xk , Pk {\Z k {S k )\ < c' V l} > 1 - e" 



(7.46) 



(7.47) 



whereas (7.47) follows from fl5.2| and (7.45) 



Proof. Recalling that X k (T k ) — x(T k ) — x, (7.46) follows from (5.1) and the left hand side of (6.7) 



□ 



Lemma 7.13. There exist C, c > such that, for any £ > 0, £, e small enough, 



(7.48) 



Proof. We recall that uj k (S k ) — ^ p k (X k (S k j). Suppose that (x k ,p k ) € 7^, £ small enough then, 



by Lemma 7.11 the hypothesis (5.3) holds for the couple x,X k (S k ) with probability larger than 
1 — e . Hence we can apply (5.23) and (6.9) and obtain that there exist c, C > such that for 

any £, e small enough, 



1 (x k ,p k )eui P T k ,x k , Pk 



(7.49) 
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on the other hand, by (5.2 1 , there exist c',C > such that, for any £, e small enough, 

d 



dx 



p* k (X k (S k )) - X_ <dn e \>l-e 



-Ct 



then (7.481 follows from (7.49) and (7.501 since r\\ = o(a e ) 



(7.50) 
□ 



Proof of Proposition 4.10, Suppose that (x k ,p k ) £ W k for some £ > 0, then, from the definitions 



of z k (t) in (2.141, z k (t) in (4.3| and r k (t) in (3.11) we have 



Zk(Sk) ~ z k {Sk) = Z k (S k ) + \_q k {S k ) - u k {S k )y k (S k ) 

= Z k (S k ) + r k (S k ) + (u k (S k ) - X_)y k (S k ) 
= TZ k (S k ) + Z k (S k ) + (uJk(Sk) - X_)y k (S k ) 



(7.51) 
(7.52) 
(7.53) 



where the last equivalence follows since f k (S k ) = 0. Hence ( 4.19[ ) descends from (7.1), (7.9), (7.47) 
and Lemma 17.131 

Suppose now that (x k -i,p k -i) € AT? for some £ > 0. From the definitions of Vk(t) in (2.14) and 
Vfe(f) in (3.4) we have 



P (T k ) - pt(x(T k )) - v k -i(T k ) = V fe _i(T fe ) - y fe (T fe ) + X + y k (T k ) + p* k {X k {T k )) - p* k (x(T k )) 

= V k ^(T k )-V k (T k ) 



where the last equality follows since X k (T k ) = x(T k ) = x k . Then (4.20) descends from (4.17) and 
d7~46b. □ 



8 Appendix 

In the present Appendix we provide a Gaussian Inequality and a comparison result. 

Marcus- Shepp inequality for Gaussian processes. There is a classical result of Landau and 
Shepp [3j and Marcus and Shepp [5 that gives an estimate for the supremum of a general centered 
Gaussian process. If X(t) is an a.s. bounded, centered Gaussian process of variance cr 2 (i), then, 



lim T^lnP jsupX(t) > A> = -7^9 witn a l '■= supcr 2 (i) 



An immediate consequence of (8.1 ) is that for any A large enough, 8 small enough, 



P \ supX(t) > A \ < e 
. tei 



r(l-«) 



moreover, by symmetry we have 



P <^ sup|A(i)| > A > < 2P < supX(t) > A 
By applying the result to the process X(t)/a(t) we get 

p(su p ra>Al< 2e -^-) 



(8.1) 



(8.3) 



(8.4) 



for A large enough, 5 small enough. 
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Comparison with Gaussian Processes. In our proofs we repeatedly make use of a comparison 
argument comparing the solution of a linear SDE with the solution of a more general SDE, let us see. 
Let X t be a solution of the problem 

dX t = {a(t)X t + b[t))dt + £dw t , (8.5) 

with a, b : R + — » K bounded on bounded intervals and £ £ K, then X(t) is a Gaussian process of the 
form 

X(t) =X(t )e I t« a{s)ds + f b(s)ef>^ ds ' ds + £ [ q(s ' } ds 'dw s . 

Consider, now, the processes x(t) solution of 

dxt — c(xt,t)dt + ^dwt 



with the same noise of (8.5 |,c:lx IR + — > R globally Lipschitz. 



Lemma 8.1. For X(t), x(t) as above we define S t := c(X t , t) — [a(t)X t + b(t)], A t := X t — x t , and let 
t € M + be a generic random variable. Suppose 

sign(A T ) — sign{8 T ) or A T = 0, 

then 

sign(A t ) = sign{§t) for any r <t < inf{s > r : 8 S = 0} a.s. 

Proof. We have 

dA f = (a(t)A t + 6 t )dt 

thus, for any r > 

A(t) = A(r) eK a(s) ds + f 5{s) e& a(s ' ] ds ' ds 



then follows the result. □ 

References 

[1] Freidlin M. I., Functional Integration and Partial Differential Equations Annals of 

Mathematics Studies, Princeton, 1985 

[2] Freidlin M. I., Wentzel A.D., Random Perturbations of Dynamical Systems Springer- 

Verlag 1984 

[3] Li W. V., Small Deviations for Gaussian Markov Processes Under the Sup-Norm, 

Journal of Theoretical Probability, 4 12, 1999, 971-984 

[4] Landau H., Shepp L. A., On the Supremum of a Gaussian Process, Sankhya A, 32, 

1970, 369-378 

[5] Marcus M. B., Shepp L. A. Sample behaviour of Gaussian Processes, Proceedings of the 

6th Berkeley Symposium on Mathematics, Stasistic and Probability, Vol.2, University 
of California Press, Berkeley, CA, 1972, 423-442. 



37 



Perez-Mato J.M., Blaha P., Schwarz K., Aroyo M., Orobengoa D., Etxebarria I., Garcia 
A., Multiple instabilities in Bi 4 Ti 3 0i2: A ferroelectric beyond the soft-mode paradigm 
Phys.Rev. B 77, 2008, 184104 

Perez-Mato J. M., Ribeiro J. L., Petricek V., Aroyo M. I., Magnetic superspace groups 
and symmetry constraints in incommensurate magnetic phases, J. Phys.: Condens. 
Matter 24, 2012, 163201 

Risken H. The Fokker-Planck Equation. Methods of Solution and Applications New 
York: Springer 1996 

Risken H., Vollmer H.D. Brownian Motion in Periodic Potentials in the Low-Friction- 
Limit; Nonlinear Response to an External Force Z. Physik B 35, 1979, 177-184. 



38 



